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Application of Adaptive Technology to Static
Aeroelastic Control of Wing Structures

O. Song,* L. Librescu,t and C. A. RogersJ
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

The static aeroelastic behavior of adaptive swept-forward wing structures modeled as thin-walled beams and
incorporating piezoelectric effects is investigated. Based on the converse piezoelectric effect, the system of
piezoelectric layers, embedded or bonded to the wing, yields control of both divergence instability and, in the
subcritical speed range, of aeroelastic lift distribution. The numerical illustrations reveal the ability of adaptive
technology to control the static aeroelastic response of swept-forward wings and, as a result, to fully exploit the
advantages offered by such a wing configuration.

Nomenclature
Ay = stretching rigidities
Ojj = rigidity quantities of the beam
BIJ - bending-stretching coupling rigidities
BU = bimoment
Cfj = elastic constants (measured under a constant

electric field)
CL - effective lift coefficient
c - wing chord measured perpendicular to the

reference axis
DIJ = bending rigidities _
£>/( = electric field intensity vector, k = 1,3
e = offset between aerodynamic centerline and

reference axis
eki = piezoelectric constants
FU(S) = primary warping function
h(s) m = wall thickness of the beam
Kn, Kn, K\\ = modified local stiffness coefficients
Kp = gain factor, [0; (L )/6x (0)]
Lzz, Lsz = stress couples
?, m = number of piezoelectric actuator layers and

of master structure, respectively
MX9 — My, = moments in xt y, and z directions,
Mz respectively
mx, - my, - distributed external moments in x, yy and z
mz directions, respectively
Nzz » NSZ » Nnz - stress resultants
NX = piezoelectrically induced axial stress resultant
Px> Py> Pz - distributed loads in x, y, and z directions,

respectively
Qx 9 Qy = shear forces in x and y directions, respectively
qo = divergence dynamic pressure
qn = dynamic pressure normal to the leading edge
S^, Sij, Sij = various strains
Sj - strain components in contracted notations
(5, z, n) = local coordinate system
Tz = axial force in z direction
UQ(Z), v0(z), = displacement components of the beam axis in
w0(z) x, y, and z directions, respectively
Uj = specified displacements
ofeff = effective angle of attack
yxz, yyz = transverse shear strains in x-z and y-z planes,

respectively
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•- rigid angle of attack (measured in planes
normal to the leading edge)

= rotations of the beam about y, x, and z axes,
respectively

= angle of sweep

Subscripts
A, NA = response quantity associated with the adaptive

and nonadaptive structures, respectively

Introduction

A PROMISING concept that will probably play an impor-
tant role in the construction of the next generation of

supermaneuverable airplanes relies on the incorporation in
their design of adaptive materials technology.1 Recent studies
carried out on the experimental fighter F-lll have revealed
that adaptive materials technology can provide significant
payoffs for mission adaptive wings (MAW) of advanced air-
craft (see, e.g., Ref. 2). These higher capabilities accomplished
without weight penalties will yield increases in aircraft effi-
ciency, range, speed, maneuverability rate, etc.

The successful development of smart material systems tech-
nology could lead to a generation of space vehicles that are
lighter, highly maneuver able, and safer to operate in hostile
environmental conditions throughout their associated flight
envelope without the danger of encountering any aeroelastic
instability which would jeopardize their free flight. In contrast
to the previous adaptive technologies based on traditional
leading- and trailing-edge devices, the variable sweep wing
concept (which unavoidably has drag-producing hinges and
crevices) or the aeroelastic tailoring technology (which is pas-
sive in nature), the adaptive material system concept often
involves embedding exotic materials in the structure, thereby
facilitating their adaptive function without affecting the exter-
nal aerodynamic shape.

Despite its exceptional practical importance, it appears that
there is a reduced number of published works on the subject
of the adaptive technology applied to the control of aeroelastic
structural systems. Several results concerning the static and
dynamic aeroelasticity of adaptive lifting surfaces can be
found in Refs. 3, 4, and 5, respectively, whereas, in Refs. 6
and 7 the induced strain actuation technique is used to control
the supersonic flutter of flat panels. For a review paper in this
field the reader is referred to Ref. 8.

In the previous work3'4 the wing structure was modeled as
an anisotropic solid beam featuring, in a coupled form, both
Bernoulli-Euler bending and St. Venant twist models. In con-
trast to this modeling of the wing structure, in this paper a
more refined yet more realistic model was devised. It consists
of a thin/thick-walled closed section cantilevered beam. For
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such anisotropic cantilevered beams (of either solid or thin/
thick-walled cross section), the warping inhibition induced by
the restraint of torsion requires the discard of the St. Venant
twist concept. To this end, in the present analysis both the
primary and secondary warping restraint effects were incorpo-
rated.

Moreover, the transverse shear flexibility characterizing the
behavior of advanced composite material systems was taken
into consideration. The wing structure featuring these charac-
teristics is considered to be composed of piezoelectric layers
(polarized in the thickness direction) superposed on the master
structure. The constitutive equations for the composite struc-
ture are derived. These equations, used in conjunction with

Fig. la Coordinate system and kinematic variables.
Fixed Root

h=0.4 in

b=2.0 in

c=10.0 in

L=80.0 in

Free End

Actuator layer

Master structure

Fig. Ib Geometry of box beam (not to scale).
Electrode

Voltage © © t ©
\

dipole

Electrode

the virtual work principle (extended to a piezoelectric contin-
uum), yield the equations of static aeroelastic equilibrium of
adaptive swept- wing structures. The numerical results illus-
trate in a convincing way the potential role adaptive technol-
ogy could play to the increase of the divergence instability
speed, and within the subcritical speed range, to the decrease
of the effective angle of attack throughout the wing span.

Kinematics
The thin-walled closed section beam model used in the pre-

sent paper is based on the following kinematic statements9'12:
1) The original shape of the cross section of the beam is

preserved.
2) The effects due to transverse shear are taken into ac-

count. As a result, the considered beam model is also capable
of providing results for the case of thick-walled beams and/or
when the constituent materials exhibit low rigidities in trans-
verse shear.

3) The rate of twist assumed to vary along the beam axis
constitutes a measure of the warping restraint effect. The
primary warping displacement is assumed to exhibit the same
distribution across the cross section of a beam as the warping
function of the St. Venant torsion theory.

4) The secondary warping (whose effect for composite ma-
terial structures may be comparable to the primary warping) is
also incorporated.

Based on the preceding assumptions, the displacement field
is expressible as (see Fig. la)

u(x,y, z) = w0(z) - yB(z) (1)

v(x, y, z) = v0(z) + xQ(z) (2)

i, 5, z) = wofe) + x(s)0y(z) + y(s)Bx(z) - F0(s)Q'(z)

1
(3)[dv dx 1

-T Oy(z) - — Ox(z) - a(s)0'(z)ds ds J

where

dy dx

The expression of the warping function is

where the torsional function ^ is
ds

and

ds V

dv-fds

_2Ac\
18 /

dx—ds

(4)

(5)

(6)

(7)

(8)

(9)

Poling direction

Fig. Ic Actuator layer.

As a result, six kinematic variables, uQ(z)y v0(z), w0(z), Oy(z),
0x(z), and 0(z), representing three rigid-body translations in
the x, y, and z directions and three rigid-body rotations about
the y, x, and z axis, respectively, are used to define the dis-
placement vector (i.e., the displacement components u, v, and
w in the x, y, and z directions, respectively). Here (s, z, n) and
(x, y, z) denote the surface and cross-sectional reference coor-
dinate systems, respectively (see Fig. la). The quantity
h [ s h(s)] denotes the wall thickness of the beam (allowed to
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vary along the periphery), Ac denotes the cross-sectional area
bounded by the midline, /3 denotes the total length of the
contour midline, § c(*) <& denotes the integral around the
entire periphery C of the beam, and \s

Qrn(s) ds[s=Q(s)] in
Eq. (7) is referred to as the sectorial area.

Based on the kinematic representations [Eqs. (1-3)], the
strain measures assume the following form:

Axial strain:

Szz(n, s, z) = < + n$zz(s, z)

where

Szz(s,z) = wi

and

B'y(z)x(s) + Bi(z)y(s) ~

- e"(z)a(s)

(10)

(lla)

(lib)

denote the axial strains associated with the primary and sec-
ondary warping, respectively.

Membrane shear strain:

(12)

T- (13)

Transverse shear strain:

Sn(s, z) = [0,(z) -T - I0x(z)

Within the present theory the warping measure is expressible
as

WM = Q'(z) (14)

Here, and in the following developments ( • ) ' = d( • )/dz.

Incorporation of Actuator Patches:
Constitutive Equations

The linear constitutive equations for a three-dimensional
piezoelectric continuum expressed in the Voigt's contracted
indicial notations are (see, e.g., Refs. 13 and 14)

(15a)

(15b)

- eki £k

Dk = ekjSj + es
M 8,

where o/ and S/(i, j = 1, 6) denote the stress and strain compo-
nents, respectively, where

when p = r, j = 1, 2, 3
when p jtr, j = 4, 5, 6

(16)

Cfj is measured for conditions of constant electric field, and
eki and ekf are measured under constant strain; and Dk(k = l,3)
denotes the electric displacement vector. In Eqs. (15) the sum-
mation over repeated indices is implied. Whereas Eq. (15a)
describes the converse piezoelectric effect (consisting of the
generation of mechanical stress or strain when an electric field
is applied), Eq. (15b) describes the direct piezoelectric effect
(consisting of generation of an electrical charge in response to
a mechanical deformation).

In a piezoelectric adaptive structure, the direct effect is used
for distributed sensing, whereas the converse effect is used for
active distributed control. Equations (15) are valid for the
most general anisotropic case (i.e., for triclinic crystals). In
the following we will restrict the generality to the case of a
transversely isotropic continuum where the n axis is an axis

of rotary symmetry coinciding with the direction of polariza-
tion (thickness polarization) (see Fig. Ic). In this case, the
piezoelectric continuum is characterized by five independent
elastic constants, three independent piezoelectric constants,
and two independent dielectric constants. We will assume that
8? is represented in terms of its component 83 in the n direction
only (implying 8j = S2 = 0). Moreover, as result of the uniform
voltage distribution, S3 results as a constant valued quantity.

Equation (16) reveals that a piezoelectric continuum exhibit-
ing anisotropic behavior cannot generate or detect shear
stresses/strains by applying or detecting electric fields along
the n direction.

In the following developments we will assume that the mas-
ter structure is composed of m elastic layers exhibiting trans-
versely isotropic behavior, whereas the actuator (superposed
on the master structure) is composed of I piezoelectric layers.
For the sake of convenience we restrain our considerations to
the case where the actuators are distributed over the entire
span of the wing. Along the circumferential s and transversal
n directions, they are distributed according to the following
law15'16 (see Fig. 2):

R(k)(n) = H(n - n(k-}) - H(n - n(k

R(k)(s) = H(s - s(k -)) - H(s - s(k

(17)

where H denotes the Heaviside distribution and R is a spatial
function. The three-dimensional constitutive equations are

(Cn - C12)/2

(18a)

and
' ^ r r n 1 fs
" = t"

^J(Ar) L 0 C44J (£) (jS5/7

(18b)
(k)

where the index k in brackets affecting a quantity identifies its
affiliation to the A:th layer. The global beam stress resultants
and couples could be obtained through integration of the
three-dimensional stress components through the laminate
thickness and afterward through the integration of the local
stress resultants along the contour of the beam. In the absence
of the internal pressure, the hoop stress resultant Nss is negligi-
ble compared to the remaining stress resultants (i.e., NSS~Q)
(Ref. 17). In this case, the constitutive equations associated
with the local beam stress resultants are defined in terms of the
associated strains.

Stress resultants:

Nsz = A66SSZ

Nnz = A44Snz

(19a)

(19b)

(19c)

Actuator patch

Master structure

(k)

Fig. 2 Actuator patch.
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Stress couples:

Lsz -

(20a)

(20b)

In these equations Ky denote the modified local stiffness coef-
ficients, and Nzz and Lzz denote the piezoelectrically induced
stress resultant and stress couple. Their expressions are dis-
played in Appendix A.

It should be emphasized that the constitutive equations
(19a) and (20a) relate the stress resultants and couples with the
strain components and the electric field 83. The analysis yield-
ing such equations is called "uncoupled" because an approxi-
mate solution to the electrostatic problem is postulated, with
the result that 83 is constant.

Equations of Adaptive Thin-Walled Beams
To obtain the equations of equilibrium of an adaptive thin-

walled beam and the associated boundary conditions, the static
counterpart of Hamilton's variational principle extended to a
linear three-dimensional piezoelectric medium18'19 will be used.
It states that

- JC +/&) dr = 0 (21)

where JC denotes the electric enthalpy density, defined as

JC = ViCfjSiSj - ekiSi - 6, (22)

and where r and 12 denote the volume and bounding surface of
the continuum, respectively; ak denotes the specified surface
traction; a is the applied surface charge;/ are the body forces;
<t> is the electric potential; and d is the variation sign.

After considering in Eq. (21) the displacement components
Ui as w0, v0, w0, Ox, By, and 0, and S/ as the components
defined by Eqs. (10-13), employing dr = dn ds dz, and per-
forming the integration across the s and n directions, we can
reduce the three-dimensional problem to an equivalent one-
dimensional one, in which all the quantities are dependent on
the z coordinate only. To this end, the one-dimensional stress
resultants and stress couples specific to the theory of thin-
walled beams defined in terms of the local beam stress
resultants [see Eqs. (19) and (20)] are

d*
ds,

dy (23)

A/z(z) = <P Na
1 C

ds

and

[F»(s)Nzz + a(s)Lzz] ds

These quantities are referred to as the axial force, the shear
forces (in the x and y directions), the moments (in the x, y, and
z directions), and the bimoment global quantities. In terms of
the one-dimensional stress resultant measures, the equations
of equilibrium of the adaptive thin-walled beams are

$v0: Qy +py =0

5w0: Tz+pz=0

60: B£ + Mz + mz + bu =

d6x: Mi -Qy + mx = 0

dOy: My - Qx + my = 0

(24b)

(24c)

(24d)

(24e)

(24f)

wherep x ,p y , pz, and mx,my, and mz are the distributed loads
and moments in the x, y, and z directions, respectively; and bu
is the bimoment of the external loads. By virtue of Eqs. (19a),
(20a), (A2), and (23), the stress resultant TZJ the stress couples
Mx and My as well as the bimoment Bu could be recast in a
form in which the actuator effect appears explicitly:

My=My-My'9 = §„ ~ B „

(25)

where the quantities affected by a single overtilde and double
overtildes identify the pure mechanical and piezoelectric con-
tributions to the indicated quantities, respectively. Represen-
tation of stress resultants and stress couples in terms of
displacement quantities w0» v0, w0, BX9 Oy9 and 0, and their
replacement in Eqs. (24b), (24d), and (24e), together with
consideration in Eqs. (24b) and (24d) (associated with the
plunging and torsional displacements) of the loads of aerody-
namic nature expressed in conjunction with the strip theory
aerodynamics, i.e.,

py = qnca0(Q0 + 0 - v<5 tan A) - NW/2L (26a)

) - VQ tan A) + qnc2CM^c-NWd/2L (26b)

yields the static aeroelastic governing equations in terms of the
basic unknowns of the problem. In Eqs. (26), qn[ = (p/2)U%]
denotes the dynamic pressure normal to the leading edge of
the swept wing; a0 denotes the "corrected lift" curve slope
coefficient; A is considered positive for swept-back wings;
CM AC is the wing section pitching moment coefficient; W/2L
denotes the airplane weight per unit length of wing span; N
represents the load factor normal to the wing surface; and d
denotes the distance between the lines of centers of mass to the
elastic axis.

From the virtual work principle the following boundary
conditions result. At the clamped edge (z =0),

= "0

V Q =

If y — I/ y

0 = 0

0/ = 0'

and at the free edge (z = L),

Q'x + px = 0 (24a) My =My

(27a)

(27b)

(27c)

(27d)

(27e)

(27f)

(27g)

(28a)

(28b)

(28c)

(28d)
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MX=MX

Mz

(28e)

(28f)

(28g)

where the quantities affected by an undertilde are the pre-
scribed ones. It could be verified that, consistent with the
number of seven boundary conditions at each edge, a 14th-
order governing equation system is obtained.

In the case of the general anisotropy of the layer materials
(i.e., of the master structure, of the actuators, or of both), the
system of governing equations appears in a complete coupled
form. However, within the anisotropy considered here, the
governing equations obtainable from Eqs. (24b), (24d), and
(24e) (which are involved in our study) appear decoupled from
the remaining ones [resulting from the equations of equi-
librium (24a), (24c), and (24f)]. Associated with the former set
of three governing equations expressed in terms of the un-
known functions v0, 0X9 and 9 (of the eighth order), the
associated four boundary conditions are the ones underlined
in Eqs. (27) and (28). Considering the case of homogeneous
boundary conditions and recognizing that the stress resultants
and moments as they enter the homogeneous boundary condi-
tions also contain piezoelectric effects [see Eqs. (19a), (20a),
(A2), and (25)], the boundary conditions at z = L expressed in
terms of displacement quantities are

(29a)

(29a)

(29c)

(29d)

(30)

Ox) = 0

0660'" +0770' =0

whereas at z = 0 the boundary conditions are

= 0;c = 0 = 0' =0

In Eqs. (29) the coefficients 033, 055, 066, and «77 are rigidity
quantities, and Mx and J?w are the piezoelectrically induced
moment and bimoment, respectively. Their expression is dis-
played in Appendix B.

In light of t̂he actuator configuration, it should be noted
that Mx and B^ as expressed by Eq. (B2) are independent on
the z coordinate. As a result, their contribution in the govern-
ing equations is immaterial, whereas in the boundary condi-
tions they intervene as nonhomogeneous terms. Their effects
on the divergence instability and distribution of aeroelastic
aerodynamic loads will be further investigated.

At this point it should be emphasized that, in contrast to the
divergence instability case, which is treated as an eigenvalue
problem, the static response implying determination of 0 and
VQ requires the solution of the governing system of equations.
Recognizing that

(
Jo

0_V o ' t a n A ) d z

Eqs. (24b), (24d), and (24e), in conjunction with Eqs. (26) and
(31), constitute an integro-differential equation system. For
the case of 00 specified, to reduce the solution of the problem
to that of a differential equation system, an iteration process
has to be used. Consistent with this procedure, TV in Eqs. (26a)
and (26b) is assimilated to a constant that has to be evaluated
in an iterative way.

Numerical Examples
The adaptive wing is modeled as a symmetric composite box

beam (Fig. Ib). The piezoceramic actuator layers (selected to
be of PZT-4 ceramic) are located on the upper and bottom

-0.5 0 0.5 1
gain factor kp

Fig. 3 Variation of (gD)A/(go)NA vs feedback gain for two sweep-
angle wing configurations.

surfaces of the master structure only. The geometrical charac-
teristics are displayed in Figs. Ib and Ic. The constants charac-
terizing the PZT-4 piezoceramic used in this paper can be
found in Ref. 20.

For convenience we assume that the master structure is
composed of a transversely isotropic material whose elastic
characteristics are identical to those of piezoceramic actuator
layers. The adaptive nature of the swept wing is introduced by
requiring the applied electric field 83 to be proportional to the
bending moment at the wing root 7^(0), which yields

(32)83 =

or, in terms of displacement quantities,

; (0) (33)

On the other hand, the piezoelectrically induced moment Mx is
given by

Mx = c283

which, by virtue of Eq. (34), yields

(34)

0) (35)

However, in light of Eq. (29a) we may express Eq. (34) as

where Kp is the feedback gain. This control law [Eq. (36)] is a
statement of the proportionality of the control bending mo-
ment at the wing tip (induced piezoelectrically) with the me-
chanical one at the wing root (which increases with the in-
crease of the aircraft speed). Equations (24b), (24d), and (24e)
(expressed in terms of displacements), coupled with the con-
trol law [Eq. (36)], were solved in conjunction with boundary
conditions (27b), (27d), (27g), (270, and (29) to determine
either the eigenvalues (i.e., the divergence speed) or the static
response characteristics (implying prior determination of 0
and VG). Thus, the effective angle of attack

«cff = 00 + 0 - v<5 tan A (37)

and, consequently, the effective lift coefficient distribution,

c,-^. ^ tan A) (38)

along the wing span can be determined. Needless to say, the
goal of the control is to maximize the divergence speed and to
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Fig. 4 Variation of 9 vs 17 for various Kp, [qn/(qn)D = 0.2, N = 0].

Fig. 5 Variation of 9 vs 17 for various Kp, [qn/(qn)D = 0.9, N = 0].

0.08

Fig. 6 Variation of aeff vs i\ for various Kp, [qn /(fin)D = 0.5, TV = 0].

attenuate the lift distribution, especially when a swept-for-
ward-wing aircraft is involved.

In Fig. 3, the variation of qD[ = (qD)A/(Qo)NA] vs the feed-
back gain for two sweep angle configuration wings is depicted,
where (QD)A and (QD)NA denote the divergence speed of the
adaptive wing and its nonadaptive counterpart, respectively.

However, in the remainder, the analysis is confined to the case
A = - 30 deg only. The similarity of the trend of variation of
qD vs Kp as resulting from this figure with the one obtained
within the solid beam model3 is noteworthy.

Figure 4 displays the variation of 0[ = BA(ri)/QNA(\)] vs
ry( s z/L) for various values of the Kp and N = 0, where 0,4 (T?)
and 0^(1) denote the torsional angles experienced by the

Fig. 7 Variation of aeff vs 17 for various Kp, [qn /(qn )D = 0.5, TV * 0].

Fig. 8 Variation of deff vs 17 for various Kp, [qn /(qn )D = 0.7, TV ^ 0].

Fig. 9 Variation of i>6 vs 17 for various Kp, [qn/(qn)D = 0.2, TV = 0].
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Fig. 10 Variation of v>6 vs ij for various Kp, [qn /(qn )D = 0.9, TV = 0].

adaptive wing and its nonadaptive counterpart (at rj - 1), re-
spectively. In the determination of this plot, the aircraft speed
was considered to be qn = 0.2(qn)D, where (qn)D is the diver-
gence speed of the nonadaptive wing.

In Fig. 5 the same variation is displayed but for the case
where qn = 0.9(qn)D.

In Figs. 6 and 7 the variations of aeff [ = («eff)/4 /(«eff)yv/i 1 for
7V = 0 and N^O vs r/ are depicted. Here <?„= 0.5(<?„)#,
whereas in Fig. 8 the same variation, but for the case
Qn = 0.7(<7W)D for TV * 0, is displayed. In Figs. 9 and 10, the
variation of VQ[ = (VO)A/(VQ(I))NA] vs r; for various values of
the feedback gain and for two values of <?„, namely,
qn = 0.2(qn)D and qn = 0.9(qn)D, is displayed.

Whereas Fig. 3 reveals that such an adaptive wing could
experience an important increase in divergence speed (namely,
four times or more than the one corresponding to its nonadap-
tive counterpart), the remaining figures reveal the power of
the adaptive control technique also in the subcritical speed
range. Figures 4-9 reveal that the adaptive forward-swept
wing can control the increase of its elastic deformations, i.e.,
of both 0 and VQ in the subcritical speed range, so that strong
attenuation of the effective angle of attack and of the lift
coefficient can be achieved.

Although in the present analysis the transverse shear flexi-
bility effects were incorporated, because of the low anisotropy
featured by the PZT-4 piezoceramic materials, its role, com-
pared to the case when this effect is discarded, is very limited.
However, this effect could become very significant if materials
exhibiting higher transverse shear flexibilities are considered.
It should be mentioned that, in the determination of the
divergence speed and of the static aeroelastic response, an
exact approach based on Laplace transform technique devised
in Refs. 21-23 and extended afterward in Refs. 9-11 was used.

It should also be pointed out that in this analysis the issue
associated with actuators saturation was not addressed.

Conclusions
A study of the static aeroelastic behavior of adaptive swept-

forward-wing structure was accomplished. The structure was
modeled as a thin-walled beam, with a theory that incorpo-
rates a number of nonclassical effects, such as material an-
isotropy and heterogeneity, the warping restraint (primary and
secondary), transverse shear, as well as the presence of
piezoelectric actuator layers. The obtained results reveal the
great potential offered by such an adaptive wing to control the
divergence instability and the aeroelastic lift distribution on a
forward swept wing by mitigating the wash-in effect. They
also reveal that the attenuation of elastic deformations be-
comes more prominent and, consequently, the wing adaptive-
ness becomes more efficient as the speed increases toward the
divergence speed. This yields the conclusion that, by adap-

tively eliminating the shortcomings of aeroelastic nature, the
full advantages offered by the swept-forward-wing configura-
tion airplane could be exploited.

Appendix A
Expression of the modified local stiffness coefficients inter-

vening in Eqs. (19) and (20):

n- (Al)An

(A2)

whereas

(A3)

*v =
k= I

_i^
U = 2 k

define the stretching, bending-stretching, and bending stiff-
ness quantities, respectively. In Eqs. (A2), for the sake of
brevity the following notation was introduced:

= R(k)(s)R(k}(z) (A4)

Appendix B
Expression of rigidity quantities intervening in Eqs. (29):

(Bl)

- n(k - , z) y(\ - ̂  )
L \ A\\J

c us ' k= i

(B2)

B i i r r f i
-a(s)-£ d5+-d) fl(5)E6?>(n(i+)-n(i-^f>/?wfez) d5

A\\] 2 J C L k=i ]

When the actuators are symmetrically located across the thick-
ness of the beam, the terms indicated by a double underline in
Eqs. (B2) vanish.
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